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THE HATCHER-WALDHAUSEN MAP
THOMAS KRAGH
Abstract. In this paper we construct a generating family quadratic at infinity
for any exact Lagrangian in R2n equal to Rn outside a compact set. Such
generating families are related to the space M∞ considered by Eliashberg
and Gromov. We show that this space is the homotopy fiber of the Hatcher-
Waldhausen map, and thus serves as a geometric model for this space. This
relates the understanding of exact Lagrangians (and Legendrians) to algebraic
K-theory of spaces. We then use this fibration sequence to produce new results
(restrictions) on this type of Lagrangian. In particular we show how Bo¨kstedts
result that the Hatcher-Waldhausen map is a rational homotopy equivalence
proves the new result that the stable Lagrangian Gauss map for our Lagrangian
relative infinity is homotopy trivial.
1. Introduction
In this paper we describe how to construct a generating family (also called gen-
erating function) quadratic at infinity for any exact Lagrangian L ⊂ Cn = T ∗Rn
equal to the zero-section Rn outside a compact set. By scaling we can assume that
the nontrivial part of L is completely contained in T ∗Dn and consider L ⊂ T ∗Dn
proper with boundary equal to Sn−1. Alternatively, one can consider this an exact
Lagrangian filling of the standard Legendrian unknot Sn−1 ⊂ D2n. By adding a
point at ∞ to L we also consider the exact Lagrangian submanifold L+ in T ∗Sn,
which is essentially the same as adding a standard handle to the Legendrian filling.
It follows from the papers [1] and [9] that L+ is a homotopy sphere. We conclude
that L is in fact contractible, and this will be our starting point.
The main idea involved is to construct a Hamiltonian isotopy which takes the
zero-section Rn ⊂ R2n to a Lagrangian K which contains L - then we appeal to
Chaperons broken geodesic approach to conclude that K has a generating family
quadratic at infinity (extended in [10] to cotangent bundles). We then use a cut and
paste argument to construct one for L. This last step requires some control on the
primitive of the Liouville form on K. Indeed, the cutting part will use fiber-wise
regular values of this primitive. The isotopy and the cut and pasta argument is
carried out in Section 2 and Section 3.
Before formulating the precise theorem we need to define which type of generat-
ing family we are considering. Let N be a smooth manifold of dimension n possibly
with some boundary (but not necessarily compact). Let piN : N ×R2k → N denote
the projection. Let F : N × R2k → R be a smooth function and let Fx for each
x ∈ N denote F restricted to the fiber pi−1N (x). Let ΣF ⊂ N × R2k be the zero-set
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2 T. KRAGH
of the fiber-wise differential dfF = ∪x∈Nd(Fx) of F . We have a canonical map
dh : ΣF → T ∗N.
Indeed, the projection to the base is given by piN above, and taking any tangent
vector v ∈ Tpi(z)N we can lift it to a vector w ∈ Tz(N × R2k) and define dh(v) =
dF (w). This is independent of the lift since the fiber-wise differential dfF is 0 at
z ∈ ΣF . By a generating family for an immersed Lagrangian L → T ∗N we will in
this paper mean (unless otherwise stated) a function as above such that
G1) the set ΣF is cut out transversely, and
G2) the map dh : ΣF → T ∗N is a diffeomorphism onto L.
Notice that this is an exact Lagrangian immersion since it is easy to prove that F
restricted to ΣF is a primitive for the canonical form on T
∗N pulled back to ΣF .
Let Q : R2k → R be the quadratic form
Q(x, y) = −‖x‖2 + ‖y‖2 (1.1)
for x, y ∈ Rk. We will refer to this as the standard quadratic form. In this paper
we will say that a generating family is quadratic at infinity if
G3) The support of Fx −Q is compact for each x ∈ N .
Note that this support can be non-trivial in fibers over boundary points - even when
generating the zero-section. The first result of this paper is the following.
Theorem 1.1. Any exact Lagrangian L ⊂ T ∗Dn agreeing with the zero-section
over a neighborhood of the boundary ∂Dn = Sn−1 has a generating family quadratic
at infinity.
This type of generating family quadratic at infinity is one of the most restrictive
types; but, in the case where N has boundary and L is assumed to agree with
the zero-section in a neighborhood of this, it is not the most restrictive. In fact,
we will use the terminology that a function F : N × R2k → R is quadratic at
both infinities if it is quadratic at infinity but also has Fx = Q for x outside a
compact set in the interior of N . Given an exact Lagrangian L ⊂ T ∗N agreeing
with the zero-section close to ∂N then the difference between these two definitions
leads us to consider the space M∞ = limk→∞Mk,k, where Mk,k is essentially the
space of functions on R2k equal Q at infinity and with only one critical point which
is also non-degenerate (this was defined by Eliasberg and Gromov in [6]). This
space essentially consists of the possible fiber functions generating the zero-section,
and any generating family quadratic at infinity generating the zero-section close
to ∂N defines a map (by taking adjoint - see Section 4) ∂N → M∞. If this map
extends to a map N → M∞ then one may modify the original generating family
to be quadratic at both infinities by essentially fiber-wise adding the inverse of
this extension over N (see Remark 7.1). More interestingly, if the map does not
extend the Lagrangian generated cannot be Hamiltonian isotopic to the zero-section
(keeping the boundary equal to the zero-section). Indeed, any isotopy would by [10]
lead to a generating family of the zero-section which is an extension of the map.
In general we therefore need to understand the homotopy type of this space, and
in the case N = Dn its homotopy groups. This leads us to consider the stable
pseudo-isotopy group of a point P∞ (see e.g. [8]) and its delooping H∞, which
is the space of stable h-cobordisms of a point. It also leads us to considering the
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J-homomorphism:
J : O = lim
n→∞O(n)→ F = limn→∞Map
'
∗ (S
n)
where Map'∗ denotes the space of based self homotopy equivalences with stabiliza-
tion maps given by taking reduced suspension. The J homomorphism is defined
by the based action of O(n) on the sphere Sn (it acts on Rn+1 fixing the first
coordinate). These spaces are related by the so-called Hatcher-Waldhausen map
hw : F/O → H∞ (1.2)
which was defined in [17] and which we will recall in Section 7. Here F/O is the
homotopy quotient of the J homomorphism.
In sections 5, 6, and 7 we prove the following theorem. In Section 5 we even
prove an interesting unstable version of the theorem.
Theorem 1.2. There is a fibration sequence
M∞ N∞−−→ F/O hw−−→ H∞. (1.3)
Here the map N∞ is essentially given by taken the tangent space of the unstable
manifold at the critical point (we prove that it has a canonically trivial stable sphere
so that it lifts to F/O → BO).
Any Lagrangian L ⊂ T ∗Dn has a Lagrangian Gauss map L→ U(n)/O(n) given
at each point by the fact that the tangent space is a linear Lagrangian in R2n. The
stable version of this map has target U/O = limn→∞ U(n)/O(n). We can consider
this map relative to the fact that restricted to Sn−1 = ∂L it is trivial and thus this
defined an element in [L/Sn−1, U/O] ∼= pin(U/O). In section 4, we relate this to
the mapM∞ N∞−−→ F/O → BO in the theorem above. In [11] Bo¨kstedt proved that
N∞ is zero on homotopy groups (he in fact proved that the Hatcher-Waldhausen
map is a rationally equivalence, but that is equivalent to this statement as we will
see). This will imply the following theorem.
Theorem 1.3. With L as in Theorem 1.1 above the stable Lagrangian Gauss map
L/Sn−1 → U/O is null homotopic.
It was already known from [2] that this class had to lie in the kernel of pin(U/O) ∼=
pin−1(BO)
BJ∗−−−→ pin−1(BF ). However, even though this kernel grows large with
n = 4k + 1 it is never 0 (for k > 0).
It is well-known that Gromov’s h-principle for Lagrangian immersions tells us
that Lagrangian immersion classes of a given homotopy sphere into T ∗Sn is canon-
ically identified with pin(U). This is a lift of the Gauss map under the canonical
map U → U/O and the above theorem thus implies the following corollary.
Corollary 1.4. For n = 4k + 1 the Lagrangian embedding L+ ⊂ T ∗Sn represents
the trivial immersion class (0 ∈ pin(U)).
Note that this is not the same as saying that L+ is isotopic through immersion to
the zero-section. Indeed, there is still the obstruction given by the possible exotic
smooth structure on L+.
It also follows from Bo¨kstedts result that M∞ has finite homotopy groups, but
more refined information about the homotopy groups ofM∞ (through that of H∞
and the Hatcher-Waldhausen map) can be found in [16] and [15] by Rognes, which
is improved upon in the pre-print [3]. In particular, combined with the recently
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announced (but so far no pre-print) result that K8(Z) = 0 would give (with a little
bit of extra work that we leave out since the pre-prints are not finished) that the
first 10 homotopy groups of M∞ are as listed below.
n 0 1 2 3 4 5 6 7 8 9
pin(M∞) 0 0 0 Z/m1 0 0 0 Z/m2 Z/8 Z/3 or 0
Here each mi is an unknown odd integers.
For now, we leave this as a conjecture, but note that this would imply that the
generating families constructed in this paper would extend over infinity in L+ in
the cases where n ∈ {1, 2, 3, 5, 6, 7} and maybe n = 10.
1.1. Acknowledgements. I would like to thank Mohammed Abouzaid, Marcel
Bo¨kstedt, Sylvain Courte, Tobias Ekholm, Yasha Eliashberg, Søren Galatius, and
John Rognes for conversations surrounding the material in this paper.
2. A Hamiltonian moving part of the zero-section to L
Consider the cotangent bundle of Rn restricted to the disc T ∗Dn → Dn. Let
L ⊂ D2n ⊂ T ∗Dn be an exact Lagrangian embedding equal to the zero-section
near the boundary of the disc (thus having boundary Sn−1). In this section we
construct a compactly supported Hamiltonian flow on R2n = T ∗Rn which moves
the zero-section Rn to a Hamiltonian K which contains L, and such that the other
parts of the image that lands in T ∗Dn has primitive values much lower than those
on L.
Let L = L∪(Rn−Dn) be the extension by the zero-section in R2n. In this section
we will denote coordinates in (this copy of) R2n by z = (x, y) with x, y ∈ Rn. Let
x0 = (−1, 0, . . . , 0) ∈ Rn and let fL : L→ R be the unique primitive of the standard
Liouville form ydx that has compact support (equivalently fL(x0) = 0).
At this point we will assume n 6= 4, but we will discus how to do deal with this
special case in Remark 3.1. Recall that L is contractible and hence with n 6= 4
we may fix a preferred diffeomorphism L ∼= Rn which sends x0 to 0. We use this
diffeomorphism to induce a flat metric on L and give T ∗L coordinates which we
denote q, p ∈ Rn. Note that in q coordinates L − L describes a set V = Rn − C,
where C is a smoothly embedded disc.
We will denote the closed unit disc and sphere bundles of a cotangent bundle
T ∗M by D∗M and S∗M respectively, and we will denote the discs and sphere
bundles of radius r by D∗rM and S
∗
rM respectively.
Lemma 2.1. There exists an ε > 0 such that the embedding i : L ⊂ R2n extends
to a symplectic embedding
D∗εL ⊂ R2n (2.1)
which outside of L is induced by the diffeomorphism Rn−C = V ∼= L−L = Rn−Dn
- hence respects fibers. Furthermore, we may assume that the part inside the interior
of T ∗Dn is in fact contained in the interior of D∗Dn.
Note that even though this respects fibers outside of L the unit discs in the
bundles do not agree since the Riemannian structures do not generally agree.
Proof. First consider the induced symplectomorphism ϕ : T ∗V ∼= T ∗(L − L) =
T ∗(Rn − Dn). We may extend this by using the Darboux-Weinsteins symplectic
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neighborhood theorem on the map
ϕ ∪ i : T ∗(L− L) ∪ L→ R2n.
By compactness of L there is an ε > 0 such that we have an embedding D∗εL ⊂ R2n.
The last statement in the lemma follows by making ε smaller - since L already
satisfies this and is close to the zero-section when close to Sn−1. 
Consider a non-compactly supported Hamiltonian of the type
H(x, y) = f(‖(x, y)‖)
defined on all of R2n.
Lemma 2.2. The flow of H(x, y) = f(‖(x, y)‖) preserves any complex line C ⊂
R2n, and for any smooth function θ : [0,∞) → R with θ(r) constant for r close to
0 there exists an f : [0,∞) → R such that the Hamiltonian time-1 flow complexly
rotates points in every such C with distance r ≥ 0 to 0 by the angle θ(r).
Proof. It is an easy exercise to see that the Hamiltonian vector field of such an H
is given by:
H(z) =
f ′(‖z‖)
‖z‖ (J0z)
which is radially reparametrized complex rotation. Given θ as in the lemma we can
solve such that this factor is equal to θ(r) by putting:
f(r) =
∫ r
0
θ(s)sds
which close to 0 is f(r) = cr2 so that H is globally smooth. 
We now use this lemma on a function θ which smoothly approximates
θ(r) =

pi
2 r ≤ 1
arcsin 1r 1 ≤ r ≤
√
10
arccos 3r
√
10 ≤ r
and is equal to this on r ≤ 1. This produces a “rotation” in each complex line such
that the zero-section (R in each complex line) approximately rotates to the union
of the black line segments depicted in figure 1. Note that, the singular Lagrangian
in R2n corresponding to these lines can alternatively be described as:
• the unit disc co-normal of 0 union
• the gradient of the function ‖x‖ over Dn3 − {0} union
• the outward pointing co-normal of the sphere with radius 3 restricted to
co-vectors with length at least 1.
The red part in Figure 1 indicates what the smooth approximation might result in.
Now fix some such smoothing of the above θ. Then for each R > 4 consider
this θ but bumped of in the interval r ∈ [R, 2R] so that the associated Hamiltonian
has compact support. Now, applying this “rotation” around (x0, 0), which means
that the Hamiltonian is of the form H(x, y) = f(‖x − x0, y‖) we get the following
lemma.
Lemma 2.3. For any R > 4 there is a compactly supported Hamiltonian isotopy
of the zero-section to a Lagrangian such that:
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 D
∗Rn
x
y
0
(−3,−1)
(3, 1)
Figure 1. Image of rotated zero-section
• Inside T ∗Dn it coincides with our fixed smoothening of
? the unit conormal at x0 union
? the image of the section given by d‖x− x0‖.
• Inside D∗εL∩D2nR it coincides with the disc DεT ∗x0L (with ε as in Lemma 2.1).
The plan is roughly to undo this rotation inside the neighborhood D∗εL in (q, p)
coordinates to rotate the Lagrangian back to the zero-section of this - which is L
itself. The end result of this will be a sort of “smear” of two copies of the fiber
over any compact set in L (in particular over L). More concretely, we will apply
a rotation in symplectic coordinates of the form: (kq, k−1p) ∈ R2n for some large
k > 0. Explicitly, we define the Hamiltonian on D∗εL given by
H(q, p) = f(
√
4c−2‖q‖2 + ‖p‖2) (2.2)
where f solves the rotation from Lemma 2.2 with θ a smooth increasing extension
of:
θ(r) =
{
−pi2 r < ε2
0 r > ε
.
In (q, p) coordinates the resulting flow of the fiber q = 0 (intersected with each
complex line) is illustrated by the red part in Figure 2.
q
p
F ′
C ⊂ F ′
cε 2cε
ε K1
Figure 2. Rotation in (q, p) coordinates.
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Lemma 2.4. Let F ′ be the result of the Hamiltonian flow of the Hamiltonian from
Equation (2.2) applied to the fiber T ∗x0L ⊂ T ∗L and let pc : F ′ → R be the unique
primitive of the Liouville λL form in T
∗L which has primitive equal 0 at q = 0.
For any compact C ⊂ L (illustrated in Figure 2 with T ∗C = (T ∗L)|C as the shaded
area) there is a c > 0 large enough such that
F ′ ∩ T ∗C = C unionsqK1
where the primitive pc is 0 on C and is bounded from above on K1 by a constant
going to −∞ as c→∞.
Proof. This follows by construction. In particular the statement about the primitive
follows by the fact that the red part not on the zero-section stays out of the dashed
ellipse in Figure 2, and thus the signed symplectic area below the curve as it swings
back to K1 goes to −∞ as c → ∞. Note in particular that the primitive is a
constant depending on c on the non-compact part coinciding with the fiber. 
We now have all the pieces for proving the following proposition.
Proposition 2.5. There exists a compactly supported Hamiltonian isotopy of the
zero-section Rn ⊂ Cn to a Lagrangian K such that
K ∩ T ∗Dn = L unionsqK1 and K ∩ T ∗x0Rn = {x0}
and such that for any primitive pK : K → R of the Liouville form there is a C ∈ R
such that
min
z∈L
pK(z) > C > max
z∈K1
PK(z).
x0 ? x
y
Figure 3. The red lines is an illustration of K ′ from the proof of
Proposition 2.5. Inside the pink box K ′ is essentially two copies
of L close to each other. However, since complex lines in (x, y)
coordinates need not agree with complex lines in (q, p) coordinates
we choose not to illustrate it as such.
Proof. Firstly, all Lagrangian we will consider in this proof will contain x0 and we
will thus make primitives unique by always choosing the one that is 0 at x0 (in q
coordinates this is q = 0). Since K is connected we do not need to consider any
other primitives than these when proving the last statement in the proposition.
The Lagrangian constructed in Lemma 2.3 is connected and independent of R
inside T ∗Dn 3 x0 and thus this primitive does not depend on R on that part. So
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by compactness there is some C1 > 0 such the absolute value of the primitive is
bounded by C1 on this part.
Secondly, The difference between the two Liuoville forms λL − ydx on D∗εL is
compactly supported since in Lemma 2.1 we made sure that outside a compact
set the embedding was induced by a diffeomorphism - hence the Liuoville forms
agree. By exactness this difference is the differential of a function P : D∗εL → R
which extends fL : L→ R. Since fL is also compactly supported we get that P is
compactly supported. Hence there is a C2 > 0 bounding the absolute value of P .
Since P (x0) = 0 and we are fixing primitives to be 0 at x0 wee conclude that the
two primitives (one for each Liouville form) on F ′ inside D∗εL differs exactly by P
restricted to F ′. Hence they differ by at most C2.
Now fix c > 0 in Lemma 2.4 such that; on the part of F ′ where the primitive is
negative it is in fact strictly less than −2C2−C1. Then we fix R > 4 such that the
support of this Hamiltonian flow (which is compact inside D∗εL ⊂ R2n) is contained
inside D2nR . Now, we define K
′ (almost going to be K) as the Lagrangian given by
first using this R in Lemma 2.3 to get a Hamiltonian that coincides with the fiber
at x0 in DεL ∩D2nR . Then we use Lemma 2.4 with our chosen c > 0 inside this to
flow this to K ′. See figure 3 for a heuristic picture.
By construction; the primitive, which equals 0 at x0, for this K
′ ⊂ R2n is given
by P on the part of K ′ in T ∗Dn which coincides with L. This is bounded from
below by −C2. The rest of K ′ inside T ∗Dn is strictly bounded from above by −C2.
Indeed, this follows by our choice of c since inside DεL the primitive with respect
to λL is bounded from above by −2C2 − C1 and hence the primitive with respect
to ydx is bounded strictly from above by −C2 − C1. This also implies that the
primitive on SεT
∗
x0L is bounded by this. Since K
′ did not change outside of DεL
when applying the flow from Lemma 2.4 we still have the bound C1 on the variation
of the primitive - hence we get that the primitive on the part of K ′ inside T ∗Dn
outside of D∗εL is bounded from above by −C2 − C1 + C1 = −C2.
The only thing in the proposition that K ′ does not satisfy is that K ′ ∩ T ∗x0Rn
is equal to {x0} union an entire annulus. However, as the green line in Figure 3
indicates one may shear close to this fiber and have the fiber completely miss this
part of K ′. So we define K as such a small shear (bumped off away from the
annulus as to not change the fact that it contains L) of K ′. 
3. Cuting and pasting generating famlies and proof of Theorem 1.1.
In this section we perform the cut and paste argument on a generating family
quadratic at infinity for K from Proposition 2.5 to get one for L ⊂ T ∗Dn and thus
proving Theorem 1.1.
In the introduction we defined quadratic at both infinities, but only when the
base was a compact manifold with boundary N . This can be extended to any
manifold with or without boundary by requiring that F = Q on a compact set in
the interior of the manifold. In this context we of course only consider Lagrangians
in T ∗N which equals the zero section except over a compact subset in the interior
of N .
For N = Rn chaperon proved in [5] that if two Lagrangians are isotopic then one
has such a generating family if and only if the other does. Since the zero-section has
the standard quadratic form as a generating family we conclude by Proposition 2.5
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and Chaperon’s result that we have a generating family F : Rn×R2k → R quadratic
at both infinities for K.
Now the restriction
F| = F|Dn×R2k : D
n × R2k → R
generates K ∩ T ∗Dn, which by proposition 2.5 has two pieces:
K ∩ T ∗Dn = L unionsqK1
Let C be the value mentioned in the proposition which isolates the values of the
primitive on these two pieces (for the specific primitive defined by restricting our
generating family F to L). This primitive describes the fiber-critical value of F
associated to each fiber-critical point generating a point in K. We may pick another
constant C ′ such that the fiber-wise critical values of F| are all bounded from below
by C ′. This implies that if we further restrict F| to
F|W : W = F
−1
| ([−∞, C ′] ∪ [C,∞])→ R
then we get a function whose fiber-wise critical points only generates L and not the
part K1. This is, however, no longer defined on a product - let alone D
n×R2k. So,
consider the missing piece
M = F−1| ([C
′, C])
Since C and C ′ are fiber-wise regular points this is a fiber bundle (where the fibers
have boundary). Since F = Q outside a compact set M is a product outside the
same compact set (projected to the factor R2k), and since Dn is contractible we can
trivialize this fiber-bundle respecting the fact that we already have a trivialization
outside this compact set. To be slightly more detailed; we may pick a horizontal
vector bundle (a fiber-bundle connection) for M → Dn which satisfies:
• It is parallel to the boundary F−1| ({C ′, C}) (in fact we want it to be parallel
to the regular level sets F−1| (a) for a close to C and C
′).
• Outside a compact set it is the trivial horizontal vector bundle induced
from the product structure Dn × R2k.
Using parallel transport (lifting of smooth curves) we can thus trivialize the bundle.
Such a trivialization thus makes it possible to fill out the missing piece with-
out creating fiber-critical points if we can do this in a single fiber. The function
F|{x0}×R2k is already such an extension in the fiber over x0. Indeed, according to
Proposition 2.5 the only fiber-critical point (points in K ∩ T ∗x0Rn) we have is the
one generating the point x0 ∈ L. There is no problem with smoothness along the
“seam” F−1| ({C ′, C}). Indeed, we noted above that we actually want the horizontal
vector field to be parallel to the values of F| close to this seam, and this makes the
pasted functions fit together in a neighborhood. Furthermore, the fact that the
trivialization is induced by the standard product structure outside a compact set
makes the created function equal to Q outside this compact set (since this was al-
ready true in the fiber over x0). We therefore have our generating function proving
Theorem 1.1.
Remark 3.1. In the case n = 4 we can consider the Lagrangian L × R ⊂ R10
which equals R5 outside of D4 × R and is contractible. So, we can still put on a
flat Riemannian structure and then run the argument from Section 2. The added
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difficulty is of course now that L × R is not compact. However, the following
adjustments to the proofs in Section 2 and this section fixes this problem.
• When constructing the neighborhood in Lemma 2.1 we fist construct it in
R8 and then cross with T ∗R.
• In Lemma 2.3 we use n = 5 and thus T ∗D5 is still compact, even if it does
not contain all of the non-trivial part of L× R.
• The statement in Lemma 2.4 can be taken as is.
• In Proposition 2.5 we again use n = 5, and again T ∗D5 is compact but
does not contain all of the non-trivial part of L × R. This means that in
the statement the L in LunionsqK1 should be replace by (L×R)∩ T ∗D5. With
this change (also in the proof) the proof goes through as written.
• Now, in this section we simply note that if we take a generating family
generating this (L×R)∩T ∗D5unionsqK1 and restrict over the base D4×{0} then
it generates the reduction of this to T ∗D4 - which may be an immersion, but
not the L part. The cut and paste argument above goes through verbatim
with this restricted function.
4. The Space M∞ and the Lagrangian Gauss-map
In this section we define the spaces Mk whose limit will be M∞ (but we wait
with a thorough discussion of the stabilization maps until Section 5. These spaces
are the stable and unstable spaces of possible fiber functions in a generating family
that generates the zero-section, and we will in this section make this precise. This is
of interest since the generating family from Theorem 1.1 generates the zero-section
over each point in the boundary Sn−1 and therefore defines a map
Sn−1 →M∞
and if this map is null homotopic we see that we can in fact rectify our generating
family to be quadratic at both infinities - and thus get a generating family for
L+ ⊂ T ∗Sn. We also define the canonical map
N∞ :M∞ → BO ⊂ Z×BO
given by taking the tangent space of the unstable manifold at the critical point.
We then relate this map to the stable Lagrangian Gauss map of L by proving that
the element defined in pin−1(Z × BO) ∼= pin(U/O) is the Stable Lagrangian Gauss
map of L relative to the fact that it maps Sn−1 ⊂ L to the base-point.
In this and the following sections we consider the pair (A,B) given by
A = Ak = (Q
−1
k ([−1, 1]) ∩ {(x, y) ∈ Rk × Rk | |x · y| ≤
√
2} (4.1)
B = Bk = Ak ∩Q−1k (−1). (4.2)
which is a Conley index pair for Q = Qk. These are illustrated in Figure 4 for
k = 1. Note that ∇Q is parallel to the part of the sides of A where |x · y| = √2,
so as a Conley index it is not really perturbation resistant. However, we will only
consider function equal to Q along the boundary so that this is not an issue. We
define Mk as the space of functions f : R2k → R satisfying:
M1) For all x ∈ R2k outside of A we have f(x) = Q(x).
M2) f has only one critical point, and this critical point is non-degenerate and
has critical value 0.
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So far we have assumed that our generating families equal Q outside some compact
set. However, in defining this space we have fixed this set as A. This does not
matter for the homotopy type of the space. Indeed, this is easily proved using the
shrinking with factor c ∈ (0, 1] of a function f : R2k → R, which is defined as
fc(z) = c
2f(c−1z), (4.3)
which is continuous in c and shrinks the domain where f 6= Q. By considering the
level set homotopy types it follows that the Morse index of the critical point has to
be equal to k. We give Mk the C∞ topology.
These spaces are motivated by taking adjoints of generating families. The adjoint
of a map F : Dn × R2k → R is the map FAdj : Dn → Map(R2k,R) which maps
x ∈ Dn to F|{x}×R2k . So, the adjoint of a generating family from Theorem 1.1 gives
a map
FAdj : Sn−1 →Mk. (4.4)
Up to the two facts that we have to apply the shrinking above and we need to
adjust the critical value. The latter can easily be done using a bump function and
more shrinking.
It is well known that having generating families for fixed k is not a Hamiltonian
invariant (can be explicitly proven by locally rotating any Lagrangian sufficiently
to get an arbitrary high range of Maslov indices when intersected with a fiber).
So, we replace these with their stable versions by defining stabilization maps sk :
Mk →Mk+1 given by adding the quadratic form (corresponding to the standard)
in the new variables. That is,
sk(f)(x, xk+1, y, yk+1) = f(x, y)− x2k+1 + y2k+1.
We also have to bump of the difference between this and Q outside our compact set,
which may require more shrinking to stay within the compact set in the definition.
We will get back to the details of this in Section 5. We then define
M∞ = lim
k→∞
Mk.
There are maps
Nk :Mk → Grk(R2k)
given by taken the tangent space of the unstable manifold at the critical points
(same as the negative eigen space of the Hessian). This map commutes on the nose
with stabilization maps (the standard stabilization maps Grk(R2k)→ Grk+1(R2k+2)).
So, in the limit k →∞ we get a map
N∞ :M∞ → BO ⊂ Z×BO.
For the rest of this section we allow L → T ∗Dn to be any immersed Lagrangian
disc equal to the zero section in a neighborhood of Sn−1 ⊂ T ∗Dn. This has a
Lagrangian Gauss map L → U(n)/O(n). Indeed, the tangent space at each point
is a Lagrangian in Cn hence defines a point in U(n)/O(n). On the boundary Sn−1
this is the standard Rn ∈ U(n)/O(n), which we consider the base-point. Since
L/Sn−1 ' Sn we thus get an element in pin(U(n)/O(n)). Stabilizing using
U/O = lim
n→∞U(n)/O(n)
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we get an element in pin(U/O). By Bott-periodicity (see e.g. [12], which we partly
recall in the proof below) we have that ΩU/O ' Z×BO and thus
pin−1(Z×BO) ∼= pin(U/O).
Proposition 4.1. Let Sn−1 →Mk be the adjoint of the restriction to the boundary
of a generating family F : Dn ×R2k → R generating an immersed Lagrangian disc
L→ T ∗Dn which agrees with the zero section in a neighborhood of Sn−1 ⊂ T ∗Dn.
The composition
Sn−1 →Mk →M∞ N∞−−→ Z×BO
represents the class defined above in pin(U/O) under the isomorphism induced by
Bott periodicity.
Proof. Firstly, we note that the map Sn−1 →M∞ has not been constructed as a
based map. This we could have done, but it makes the construction more intricate,
and at this point it makes no difference since the action of pi1(BO) on higher
homotopy groups is trivial since BO is an (infinite) loop space (in fact so is M∞
and hence there it does not matter either). The unbased nature of the map could
also makes it slightly ambiguous which component of Z×BO we land in. However,
we defined N∞ to land in {0} × BO and the Maslov index for anything with a
generating family is 0 so the adjoint also land in this component (only relevant
when n = 1). We are left with simply proving that the two maps from Sn−1 to BO
are freely homotopic.
In [7] Giroux proves that if a Lagrangian has a generating family then the Gauss
map is homotopy trivial, which is in no way surprising in our case since L is con-
tractible. However, using his explicit null homotopy we will see the needed identifi-
cation. Indeed consider L ' Dn maping into U/O and sending the boundary Sn−1
to the base-point. Giroux’s null-homotopy is a free null-homotopy of the map from
this disc. So tracing what happens at the boundary we get a map:
Sn−1 × I → U/O
which sends {0, 1} × Sn−1 to the base-point. The adjoint of this, therefore, repre-
sents the free homotopy class of the usual adjoint of the map Sn−1 → ΩU/O of the
original stable Gauss map from the disc L/Sn−1 ' Sn.
We, now, recall Giroux’s proof and elaborate a bit on some parts to also identify
this with the Negative eigen-bundle map of the generating family under Bott pe-
riodicity. His argument goes as follows: Let Λ(n, 2k) be the linear Lagrangians in
Cn+2k that transversely intersects H = Cn⊕R2k. These are the linear Lagrangians
that symplectically reduce to Cn by transversely intersecting with H and projecting
to Cn. The reduction map
r : Λ(n, 2k)→ Λ(n) = U(n)/O(n)
is a fiber-bundle with contractible fibers. We define the standard stabilization of the
Gauss map as adding Lagrangians factors given by the differential of the function
1
2‖x‖2 + 12‖y‖2 with (x, y) ∈ R2k in T ∗R2k = C2k - this adds the Lagrangian factor
(1 + i)R2k. Linearly at each point this corresponds to the Lagrangian given by the
graph of the linear section Rn → iRn given by the block matrix:(
0 0
0 I
)
,
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where the two diagonal blocks are of size n × n and 2k × 2k respectively. Nor-
mally you might add the factor R2k (corresponding to the 0 section) or iR2k (not
a section), but since we want the result to both be graphical like this over R2k and
lie in Λ(n, 2k) we need it to be transverse to both of these. The fact that r has
contractible fibers means that any two stabilizations lying in this Λ(n, 2k) are ho-
motopic. In particular the stabilization of the Gauss map given by the differential
of the generating family F : Dn ×R2k → R is another such stabilization and hence
there is a homotopy between them. Giroux’s final observation is now that since all
the Lagrangians in dF are transverse to iRn+2k (dF is graphical) its Gauss map is
null-homotopic.
Parsing the construction of this homotopy locally for a point in Sn−1 ⊂ L where
the tangent space initially agreed with the zero-section we get the following. The
stabilization from the generating family is equivalent to adding the differential of
another non-degenerate quadratic form. I.e. the Hessian of F which varies with
the point in Sn−1; which we, however, assume with out loss of generality to have
only eigenvalues ±1. At these points, the Hessian of F is on block form:(
0 0
0 ?
)
,
where the diagonal blocks again have size n×n and 2k×2k respectively and the ? is
non-degenerate symmetric with eigenvalues ±1. Hence the homotopy between the
two linear sections in Λ(n, 2k) can simply be described by convexly interpolation
which keeps the 0 in the first n factors. This does not avoid iR2k and hence at
times it will project non graphically to the base Rn+2k. In fact its intersection
locus with iR2k is precisely the negative eigen bundle of the Hessian (since the
function 12‖x‖2 + 12‖y‖2 only has positive eigenvalues). This is exactly how the
space of minimal geodesics in the corresponding component of Ω(U(2k)/O(2k))
mapping to Grk(R2k) is identified in the proof of Bott-periodicity in [12].
One might interject that the choice of initial stabilization seems important. After
all we could have used the differential of the function − 12‖x‖2 − 12‖y‖2 and maybe
gotten a different result - since with this choice it is the positive eigen values that
cross through the imaginary part iR2k. However, this would result in minus (as the
inverse in topological K theory) the orthogonal complement of the bundle above
(since we go the other way through iR2k), but in K theory this gives the same up
to an over all shift in dimension. Generally any stabilization we choose to represent
the standard stabilization we need to pick over all of L, which is contractible. This
means that the dimension of the negative eigen bundle is the only essential choice
we have - and this is the ambiguity of which component of Z × BO we land in,
which we addressed at the beginning of the proof. 
5. The Fibration Sequence
In this section we prove the unstable version
Mk → Uk → Hk
(and define these spaces) of the fibration sequence from Theorem 1.2. We also
define stabilization maps between these and prove that the fibration structure are
compatible with these resulting in the stable version of the sequence.
M∞ → U∞ → H∞
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In the last sections we then identify the space U∞ as F/O and the map to H∞ as
the Hatcher-Waldhausen map.
Let C∞k denote the space of functions f : R2k → R which equal Q outside A
(from Equation (4.1)). We give this the C∞ topology.
• Let Hk ⊂ C∞k × (0, 1) be the space of functions f ∈ C∞k and a constant
b ∈ (0, 1) such that b is a regular value for f and such that f−1(b) is isotopic
to Q−1(b) keeping it fixed outside of A.
• Let Uk ⊂ Hk be those (f, b) that has only 1 critical point in f−1((−∞, b]).
We also require this critical point to be non-degenerate and have critical
value 0. (As in the previous section the index is forced to be k because of
the condition on the level set in the definition of Hk.)
• We redefine (by slight abuse of notation) Mk ⊂ Uk as the functions from
Mk in the previous section - together with any b ∈ (0, 1) (as they are all
regular).
Note that since Q−1( 12 )∩D2k ∼= Sk−1×Dk one may identifyHk withH(Sk−1×Dk),
which is a more standard notation for h-cobordism spaces. The composition
Mk → Uk → Hk (5.1)
is canonically null-homotopic by taking (f, b) and shrinking f by Equation (4.3)
down to fb so that f
−1
b (b) = Q
−1(b) and then convexly interpolating between fb
and Q followed by convexly interpolating b to 12 .
Proposition 5.1. The maps
Mk ⊂ Uk ⊂ Hk
with the null-homotopy above is a homotopy fibration sequence.
Proof. Since all these spaces are fiber-bundles over b ∈ (0, 1) we may restrict all
three spaces to b = 12 and denote this sub-sequence by
M′k ⊂ U ′k ⊂ H′k,
which we may simply view as subsets of the functions in C∞k where
1
2 is regular. We
now define H˜k as the space of co-dimension 1 manifolds in R2k which equals Q−1( 12 )
outside A. The map H′k → H˜k given by f 7→ f−1( 12 ) is a homotopy equivalence
since it is a fibration with contractible fibers.
Now we prove that the composition U ′k → H˜k is a Serre-fibration. Indeed, let
f ∈ U ′k and let ht ∈ H˜k, t ∈ I be any path starting at f−1( 12 ) (and equal to Q−1( 12 )
outside A). Since ht is constant outside of A we can apply the isotopy extension
theorem in a way that creates a path ϕt of diffeomorphisms that are all the identity
outside of A and satisfies ϕt(h0) = ht. Using this we can lift the path to U ′k by
pulling back the function f to f ◦ ϕt. This obviously works in compact families.
Now consider any C ⊂ A with 0 in the interior of C and such that C is star-
shaped with respect to 0. We denoteMCk ⊂M′k as those functions which equals Q
outside of C. The inclusionsMCk ⊂MC
′
k for C ⊂ C ′ are all homotopy equivalences.
This follows because there is a c > 0 such that the shrinking with factor c defines
a map back MC′k → MCk , and both compositions are obviously homotopic to the
identity (uses star shaped). Note also that A is star shaped.
Now the fiber of the above Serre-fibration consists of functions f ∈ U ′k such that
Q−1( 12 ) = f
−1( 12 ) regularly cut out. This deformation retracts onto MCk ⊂ U ′k
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where C = Q−1((−∞, 12 ]) ∩ A. Indeed, we may use an isotopy to make f = Q at
Q−1( 12 ) to all orders (this uses that f had
1
2 as regular value). After this we can
simply convexly interpolate on the set A − C between f and Q (leaving f as it is
on C).
To identify the induced null-homotopy of the composition M′k → U ′k → H′k we
note that the inclusionMCk ⊂M′k (with C as in the above paragraph) has shrinking
by 12 as homotopy inverse and the convex interpolation from f to Q happens in the
fiber over the base-point of the map H′k → H˜k. 
We now chose and fix a bump function ϕ : R → [0, 1] such that ϕ(t) = 1 for
t ≤ 19 and ϕ(t) = 0 for t ≥ 14 . Now the shrinking in Equation (4.3) can be used to
define stabilization maps
sk : Hk → Hk+1
by using shrinking factor c(f) > 0 (chosen to continuously depend on f) and
defining sk on the function part by
sk(f)(~x,xk+1, ~y, yk+1) = (5.2)
=
(
fc(f)(~x, ~y)−Qk(~x, ~y)
)
ϕ(x2k+1)ϕ(y
2
k+1) +Qk+1(~x, xk+1, ~y, yk+1) (5.3)
and the regular value b ∈ (0, 1) we map to c(f)b to compensate for the shrinking
(which is why we included this factor in the first place). This function sk(f) will
if c(f) is small enough only have critical points of the type (~x, ~y, 0, 0). So, it has
well-defined restrictions to the two sub-sequences Uk and Mk.
We may define the colimits
M∞ = colim
k→∞
Mk, U∞ = colim
k→∞
Mk, H∞ = colim
k→∞
Hk.
Since shrinking and convexly interpolating (used to define the null homotopy in
Equation (5.1)) contractible choice homotopy commutes with the stabilization maps
we have the following corollary.
Corollary 5.2. We have a canonical limit fibration sequence given by
M∞ → U∞ → H∞.
6. Identification of U∞ ' F/O.
In this section we identify the space U∞ in the fibration sequence in Corollary 5.2
as F/O.
Define the topological monoid
Fu(k − 1) = Map(Sk−1, Sk−1)±1
as the mapping space of unbased maps of degree ±1 (the monoid structure is given
by composition and these are the components that has homotopy inverses). The J
homomorphism can unstably be defined by the obvious homomorphism Jk : O(k)→
Fu(k − 1). The delooping of this homomorphism
BJk : BO(k)→ BFu(k − 1)
is the map of classifying spaces which sends a metric vector bundle to its unit sphere
bundle.
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The map Nk considered in Section 4 extends to a map
Nk : Uk → Grk(R2k)
by taking the tangent space of the unstable manifold at the critical point with
critical value 0 and this commutes with the stabilizations sk and the standard
stabilizations Grk(R2k)→ Grk+1(R2k+2).
Lemma 6.1. The composition
Uk Nk−−→ Grk(R2k) ⊂ BO(k) BJk−−−→ BFu(k − 1)
is canonically null-homotopic. Hence there is a canonical lift
Fu(k − 1)/O(k)

Uk Nk //
N˜k
88
BO(k).
Proof. For each (f, b) ∈ Uk we consider a small sphere inside the unstable manifold
(close to the critical point of f with value 0). This represents the composition to
BFu(k − 1). We wish to produce a trivialization of this homotopy sphere bundle
over Uk. Recall the Conley index pair (A,B) from Equation (4.1), where we have
a canonical map B ' Sk−1 given by taken nearest point in R2k.
If we apply the negative gradient flow of f to each point in the sphere until it hits
the exit set B ' Sk−1 we get a map from this small sphere to the standard sphere.
This is a homotopy equivalence. Indeed, by Conley index theory the unstable
manifold inside A modulo its boundary sphere included into the space A/B ' Sk is
a homotopy equivalence. The induced maps on the long exact sequence of homology
groups for these pairs show the claim. The family of all these maps over Uk gives a
canonical trivialization of the (unbased and unstable) homotopy sphere bundle. 
In the following we elaborate on this map by considering intermediate spaces.
Firstly, we consider the space U˜k of triples (f, [e], X) where f ∈ C∞k (from Sec-
tion 5), [e] is an equivalence class of smooth embeddings e : (Dk, Sk−1) → (A,B)
where the relations is given by pre-composition with elements O(k), and X : R2k →
R2k is a pseudo-gradient for f such that:
E0) X = ∇Q outside of A.
E1) e(0) is a non-degenerate critical point of index k.
E2) f(e(x)) = −‖x‖2
E3) X is parallel to the image of e and e sends radial lines to flow lines of X.
E4) There is a neighborhood of e(0) in which the pair (f,X) satisfies X = ∇f
and f is given by a translation and rotation pre-composed with Q.
Notice that these conditions makes sense since the conditions on e only depends on
the class [e]. There is a (contractible choice) map Uk → U˜k, which is given by the
steps:
• Firstly, we deformation retract onto the subspace of Uk given by functions
which equals a translation and rotation of Q in a neighborhood of the
critical point with critical value 0.
• Then, we pick the pseudo-gradient X = ∇f which satisfies E0 and E4.
• Then, we define e using the normalized flow of X and a basis of the negative
eigen-space. Modding out by O(k) removes the need for this choice of basis.
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Notice that there are no issue with smoothness in the last bullet point since close
to 0 the map Dk → A will be an affine linear isometry due to E4.
Lemma 6.2. The map Uk → U˜k above is a homotopy equivalence.
In this and the next proof it is convenient to define the extended image W (e) of
e as the image of e union the closure of R2k −A.
Proof. We describe a homotopy inverse U˜k → Uk. Given an (f, [e], X) ∈ U˜k consider
the space of smooth sub-manifolds M ⊂ R2k such that
• There is a b ∈ (0, 1) such that M = Q−1(b) outside A.
• M is transverse to X.
• The side of M containing the critical point e(0) contains no other critical
points.
• f(M) ⊂ [−1, b].
Any such two are easily related by using the flow of X (this is the reason we wanted
the sides of A parallel to the flow of ∇Q and hence X). This means that the choice
of such an M is contractible if it is non-empty. It is seen to be non-empty by e.g.
using the following argument. One may replace (f,X) with different (g, Y ) which
equal (f,X) in a neighborhood of W (e) (defined above) and has no other critical
points than e(0) (perturb to make it Morse-Smale and cancel critical points - noting
that gradient trajectories will be away from W (e)). Then one may take a level set
g−1(b) with b ∈ (0, 1) and flow it down using the flow of −Y bumped of to be zero
on W (e) (but nowhere else). After some time we may assume that the resulting
manifold M lies in the neighborhood of W (e) where (g, Y ) = (f,X) and so this is
such an M .
Now the map U˜k → Uk is defined as follows. Pick an M as above and stretch the
functions values of f to increase faster along pseudo-gradient trajectories of X (on
the side of M containing e(0)) such that: we get a new function g still with the one
critical point e(0) on that side of M but also with g−1(b) = M transversely. Doing
this we may have to create a bunch of critical points on the other side of M , but
that does not matter and we may send (f, [e], X) to this g and b ∈ (0, 1). Every
choice made in defining the map was contractible.
We now prove that the map U˜k → Uk → U˜k sending (f, [e], X) to (g, [e′],∇g) is
homotopic to the identity. Notice first that given the function and pseudo-gradient
part the [e] part is uniquely given as in the third bullet point in the definition of
the map Uk → U˜k above. The pseudo-gradient X for f need not be a pseudo-
gradient for g, but it is on the set g−1((−∞, b]) (we constructed g by stretching
along the flow lines in this part). So we can convexly interpolate the gradient to X
on this set. While doing this [e′] is automatically homotoped to [e] if defined using
the normalized flow of the gradient vector field. Indeed, this uses that all critical
points of g other than e′(0) = e(0) has value above b so the disc never gets hung
up on any other critical points and always flows out of A. It also uses that on the
image of e we have f = g. After doing this we may undo the stretching of g to
make it into f (at this point the choice of a pseudo-gradient is contractible). The
other composition is the identity if we made the choice M = f−1(b) (since we don’t
need to stretch at all). 
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Now consider the subspace Ek ⊂ Emb((Dk, Sk−1), (A,B)) of smooth embeddings
e : Dk → A sending Sk−1 to B (in a transverse way - and sending nothing else to
B). This spaces is acted freely upon by O(k) using pre-composition as above.
Lemma 6.3. The map U˜k → Ek/O(k) sending (f, [e], X) to [e] is a homotopy
equivalence.
Proof. We did not put a particular strong transversality condition on the embed-
dings in Ek at S
k−1, but the image of the map lands in the subspace defined by the
rather strong transversality condition: for any point x ∈ Sk−1 the differential in
the radial outward direction is mapped to ∇Q to all orders. Indeed, for (f, [e], X)
we have (f,X) = (Q,∇Q) on B and outside of A, and X points in the same di-
rection as the image of the radial direction by the differential of e, but we also
have the condition f(e(x)) = −‖x‖2 which precisely gives this strong transversality
condition (it also means that no other point in Dk are mapped to B). This type of
transversality condition does not change the homotopy type and so we may assume
it when creating the homotopy inverse.
Let e : Dk → A be an embedding satisfying this strong transversality condition.
This implies that if we define f : W (e)→ R and X : W (e)→ R2k by
(f(z), Xz) =
{
(Q(z), (∇Q)z) z ∈W (e)−A
(−‖e−1(z)‖2,−De−1(z)e(2e−1(z))) z ∈ im e
this will be smooth. Since the choice of extensions of (f,X) to all of R2k is con-
tractible and not relevant in the definition of U˜k this defines a map back. The
contractibility of this choice also proves that the map U˜k → Ek/O(k) → U˜k is
canonically homotopic to the identity. The map Ek/O(k)→ U˜k → Ek/O(k) is the
identity (on the subspace with the strong transversality condition). 
This comes with a canonical map
Ek → Fu(k − 1)
given by restricting to Sk−1 and using the canonical B ' Sk−1 (taking nearest
point in R2k). We thus get an induced map
Ek/O(k)→ Fu(k − 1)/O(k).
Lemma 6.4. The composition
uk : Uk → U˜k → Ek/O(k)→ Fu(k − 1)/O(k)
is the lift in Lemma 6.1, it is compatible with stabilization maps, and the limit as
k →∞ is a homotopy equivalence.
Proof. The construction in this section since Lemma 6.1 has been a careful elab-
oration of the map used to canonically lift in that lemma. Indeed, the lift in the
lemma can be elaborated slightly as follows:
• Pick a basis for the tangent space of the unstable manifold at the critical
point.
• Use this basis to define an embedding Sk−1 → A parametrizing a small
sphere in the unstable manifold close to the critical point.
• Use the flow and the map B ' Sk−1 to map this sphere back to Sk−1.
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• This defines an element in Fu(k − 1), but moding out with the choice of
basis in the beginning makes it only well-defined in Fu(k − 1)/O(k)
By construction the composition uk is precisely this. Now we need to prove that
there is a contractible choice homotopy of the diagram
Uk sk //
uk

// Uk+1
uk+1

Fu(k − 1)/O(k) Σ // Fu(k)/O(k + 1)
where Σ is the standard suspension map. To see this we first have to consider
the shrinking we used in the definition of sk (and which is not present in uk) in
Equation (5.2). To fix this we continuously pre-compose the map uk with shrinking
by the factor (1 − t) + tc(f), t ∈ I to create a homotopy to the map where uk has
also been pre-composed with this same shrinking.
Now, consider the commutative diagram:
Bk //
∼=

W := {(x, y) ∈ Bk+1 | xk+1 = 0} //
∼=

Bk+1
∼=

Sk−1 ×Dk // Sk−1 ×Dk+1 // Sk ×Dk+1
where the horizontal maps in the bottom row are the standard inclusions. So,
W sits as an equator in Bk+1 dividing it into two pieces which are contractible.
The unstable manifolds of the shrunken fc(f) and sk(f) agree inside Ak and their
boundary spheres even agree inside W . In a small neighborhood of Ak ⊂ Ak+1
the gradient of sk(f) is on product form fc(f) − x2k+1 + y2k+1 and hence each of the
two new hemispheres of the unstable disc boundary of Sk(f) (compared to that of
fc(f)) on the two sides of S
k−1 ⊂ Sk are mapped to the two different sides of W .
This proves that if picking a basis for the unstable disc of fc(f) then the maps to
Fu(k−1) and Fu(k) are compatible with suspensions. Indeed, the space of possible
choices of extensions over either of the hemispheres is contractible.
Considering the two preceding lemmas we are only left with arguing why the map
Ek/O(k)→ Fu(k− 1)/O(k) is a homotopy equivalence in the limit. To see this we
consider a doubly indexed limit Ek,l of embeddings of discs D
k as above, but where
the codimension is no longer k but l (in a similar index pair for a quadratic form
with index l− k). Increasing l makes the embedding requirement highly connected
(by standard application of Whitney’s embedding theorem) and we thus see that
in the limit l→∞ we get
lim
l→∞
Ek,l/O(k) ' Fu(k − 1)/O(k).
This implies
lim
k→∞
Ek/O(k) = lim
k→∞
Ek,k/O(k) = lim
k→∞
lim
l→∞
Ek,l/O(k) ' F/O

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7. Identification of the Hatcher-Waldhausen map
In this section we identify the map U∞ → H∞ in the limit fibration sequence
in Corollary 5.2 as the Hatcher-Waldhausen map. Thereby finishing the proof of
Theorem 1.2. We end by putting the pieces together to prove Theorem 1.3.
For convenience we consider another version of an h-cobordism space. That is,
let H(Sj) be the space of co-dimension 1 submanifolds in Rj+1 which are isotopic
to Sj . There are two types of stabilization maps σ, σ : H(Sj) → H(Sj+1). Here
σ is simply given by crossing the interior (bounded component of the complement)
with [−1, 1] and taking a smoothing of the boundary. The map σ is similarly given
by crossing the exterior (unbounded component of the complement) with [−1, 1]
but also adding a neighborhood of ∞ given by ‖z‖ ≥ R for R large enough and
then taking a smoothing of the boundary. The manifolds we will have to smoothen
are rather simple, and much more general smoothings can be handled as discussed
in the appendix of [17] using transverse vector fields.
We define maps
Sk : Hk → H(S2k−1)
as follows. Consider the a function h : R→ R such that
h(t) =

−t2 |t| ≤ 2
t2 |t| ≥ 4
? otherwise
where the ? is filled out by a function with a single critical point in each interval
at −3 and 3 with critical value −5 (a minimum). Define the function
Qk(~x, ~y) = h(‖~x‖) + ‖~y‖2
which equals Q on A. It has an entire critical manifold on Sk−13 with critical value
−5. For b > 0 the level set G−1(b) is isotopic to S2k−1 and for b ∈ (−5, 0) it is
the boundary of a tubular neighborhood around Sk−13 . For any f ∈ Hk we define
the smooth function f as the function given by f(z) = f(z), z ∈ A and otherwise
f(z) = Q(z). We define the map in the equation above by
Sk(f, b) = f
−1
(b). (7.1)
Remark 7.1. The maps Sk fits into a homotopy commutative diagram
Hk
Sk

sk // Hk+1
Sk+1

H(S2k−1) σ◦σ // H(S2k+1).
where σ corresponds to the adding of the positive term y2k+1 and σ to the negative
term −x2k+1. However, we will not need this here since we only care about identi-
fying the map we have already defined up to arbitrary connectivity and we do not
really need to compare the identification for different k.
Let D be the tubular neighborhood Q−1([−5,−1]) around Sk−13 - this contains
B ⊂ A in its boundary and B = D ∩A. See figure 4.
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D DAB B
Figure 4. The sets A, B and D for k = 1.
Lemma 7.2. For each (f, b) ∈ Uk let Tf be a small tubular neighborhood around
the unstable manifold of f sticking transversely into D (continuously depending on
f). The composition Uk → Hk → H(S2k−1) is contractible choice homotopic to
sending f to (a smoothing of) the boundary of D ∪ Tf .
We note that the idea in this proof is very similar to the proof of Lemma 6.2.
Proof. For each (f, b) ∈ Uk we may take a very small tube around a small neighbor-
hood inside the unstable manifold around the critical point such that its boundary
is transverse to the gradient. We then use the negative gradient flow of f to make
this a tubular neighborhood around all of the part of the unstable disc of f inside
A. If we flow for long enough time this tube will have boundary transverse to
B ⊂ Q−1(−1) = Q−1(−1) (as it gets closer and closer to the unstable manifold
and this is transverse to B). Smoothing the corners using the gradient of f we
get a manifold (which is very similar to M in the proof of Lemma 6.2). Using the
gradient flow of f again we see that this is contractible choice isotopic to the level
set f
−1
(b). 
This lemma and the identifications in the previous section gives a more direct
way of identifying our map F/O ' U∞ → H∞ (up to high connectivity as described
in Remark 7.1). Indeed, represent any element in F/O by an element V ∈ Grk(R2k)
together with a homotopy equivalence h : SV → Sk−1 ⊂ R2k. By increasing k and
pertubing h : SV → R2k we can assume that we have an extension to the disc
H : DV → R2k such that
• the map H is an embedding.
• SV × [1 − ε, 1] (where the last factor is the radial coordinate in V ) maps
to a fixed tubular neighborhood, say D′, around Sk−1, but no other points
maps to D′.
• The map H is transverse to the boundary of D′.
• The map H coincides with the linear embedding V ⊂ R2k close to 0.
Now the map to H(S2k−1) is given by taken the (smooothened) boundary of: the
tube D′ around Sk−1 together with a small tubular neighborhood around this
embedding H (transversely sticking into D′). Some of these conditions are not
necessary, but makes it easier to compare to the following slightly different map.
Lemma 7.3. The Hatcher-Waldhausen map F/O → H∞ can be defined as Follows.
Represent a point in F/O by a vector space V ∈ Grk(R2k) together with a homotopy
equivalence h : Sk−1 → SV ∈ R2k. By increasing k and perturbing this map we can
assume that we have an extension H : Dk → R2k of this perturbation such that:
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• the map H : Dk → R2k is an embedding.
• Sk−1× [1− ε, 1] (where the last factor is the radial coordinate in Rk) maps
to a tubular neighborhood, say DV , around SV , but no other points maps
to this tube.
• The map is transverse to the boundary of DV .
• Close to 0 ∈ Dk the embedding is the standard embedding Dk ⊂ R2k.
Now we take the smoothened boundary of the small tube DV union a small (trans-
verse) tubular neighborhood around the image of Dk.
Proof. The Hatcher-Waldhausen map was defined in [17]. There it was (essentially)
defined as the (limit as n,m→∞) of the induced map on vertical homotopy fibers
of the commutative diagram
Grm(Rm+n) //

T m,n

BF (m)
= // BF (m)
where T m,n is the space of proper codimension 1 manifolds in Rm+n+1 that equals
Rm+n outside a compact set and are isotopic to the smoothened boundary of {x ∈
Rm+n+1 | xm+n+1 ≤ 0} union a small tube around the m-sphere in Rn+m+1 inside
the subspace spanned by the coordinates x1, . . . , xm, xm+n+1. We also consider this
particular manifold the base-point in T m,n, which is the end of a cobordism from
Rn+m with a single handle attachment along Sm−1. Any manifold in T m,n divides
Rm+n+1 in to two disjoint open subsets, exactly one of which has the subset inside
of it given by xm+n+1 < 0 unbounded. The map to BG is the map that classifies
the canonical bundle over Tm,n given by this side of the manifold (with base-point
at ∞). The map from Grm(Rm+n) is called the rigid tube map and is defined
precisely as the base-point above except we use the more general spheres S(V ⊕R)
where R is again the last coordinate in Rm+n+1.
As in [14] one can replace these spaces by spaces that are similar up to arbitrary
high connectivity (as n,m→∞). Indeed, we will consider a version T m,n of T m,n
which are given by closed (compact without boundary) co-dimension 1 manifolds
in Rn+m+1 which are isotopic to the boundary of a tubular neighborhood of the
standard sphere Sm (or equivalently the sphere considered above). The bounded
component of the complement of these are non-based homotopy spheres and so we
also replace BF (m) with BFu(m) which we defined in Section 6 and define the
map T m,n → BFu(m) as the classifying map of this bounded component. We now
describe the last map (the top map) in the homotopy commutative diagram
T m,n //

T m,n

BF (m)
⊂ // BFu(m)
This top map is defined by “pushing of infinity” - i.e thinking of the associated
smoothly embedded manifold in the 1 point compactification Sm+n+1 and pushing
it slightly of ∞ (so that we add a big boundary part on the xm+n+1 ≤ 0 side) to
get a closed manifold in Rm+n+1. This would be a homotopy equivalence if we only
considered the subspaces:
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• points in T m,n (manifolds) where the “relevant side” of the manifold con-
tains the half line {(0, . . . , 0)} × (∞,−1].
• points in T m,n where the bounded component of the complement contains
the point (0, . . . , 0,−1).
Now, the inclusion of the first sub-space into T m,n is a homotopy equivalence,
and the inclusion of the second into T m,n is highly connected. Indeed, a retraction
back on small compact sub-spaces can be defined by picking a point in the bounded
component (highly connected choice) and then translating everything so that this
coincides with (0, . . . , 0,−1).
We can therefore define the Hatcher-Waldhausen map as the induced map on
homotopy fibers of the limits over the composed diagrams. However, it is convenient
to also replace the left side of the above diagram and consider the diagram:
Grm+1(Rm+n+1) //

T m,n

BFu(m)
= // BFu(m)
where now the left vertical map is also unbased because we are not adding a stan-
dard factor to the vector space before taking the sphere, and the top horizontal
map is simply given by taking a tubular neighborhood around the sphere SV for
V ∈ Grm+1(Rm+n+1).
The homotopy fiber of the vertical right map can now be identified with a pair
(M,f) with M ∈ T m,n and f : Sm →M− a homotopy equivalence (a trivialization
of the homotopy sphere bundle), where M− denotes the closure of the bounded
component of the complement. We now claim that this homotopy fiber can up to
high connectivity be replaced by the subspace inside itself where f is the standard
inclusion - i.e. essentially the subset of T m,n where the manifold contains the
standard sphere Sm. Indeed, for n tending to infinity the map part f can by a
highly connected choice be perturbed to be an embedding insideM− with an isotopy
through embeddings to the standard Sm (which of course can leave M−) and thus
we can apply the isotopy extension theorem to define a deformation retraction.
This sub-space of T m,n is up to high connectivity equivalent to H∞. Indeed, since
it contains the standard Sm we can think of it as the h-cobordism space from a very
small tube around this standard sphere Sm (and use Igusa’s stabilization theorem).
This also identifies the Hatcher-Waldhausen map on the homotopy fibers F/O →
H∞ as described in the lemma. Indeed, one way of realizing it is by taking the
tube around the sphere SV and the homotopy equivalence map f : Sm → SV
and make it an embedding inside the tubular neighborhood of SV (increasing n
to increase connectivity of this choice). Then we can further pick an embedded
isotopy of this to a small Smε (and make the isotopy avoid D
m+1
ε except at the final
embedding where it is the boundary). Now drilling a small tube around this isotopy
is one way of realizing the isotopy extension theorem of such an embedded isotopy
(or more precisely realizing the impact of the extended isotopy on the manifold).
The result of this can be made to look standard close to Dm+1ε . I.e. the part of
the manifold “facing” 0 is standard (the result is illustrated as the smoothened
boundary of the blue area in Figure 5). This means we may consider the resulting
manifold as a cobordism from the standard part facing 0 to the rest, which means
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we consider it as an element in H(Dn × Sm) (which is what half of the tubular
neighborhood boundary around Smε looks like). In figure 5 it is also illustrated
how we can modify this to be an element in H(S2k−1) by filling in the part over
Dmε (the blue dashed part). Now both the inclusion H(Dn × Sm) ⊂ H(Sn × Sm)
and H(Smε × Dn) → H(Sm+n) are highly connected (again by Igusa’s theorem),
which means that up to high connectivity these choices of identifications do not
matter. 
Proof of Theorem 1.2. All we have left to do is to identify the description of the
Hatcher-Waldhausen map from the lemma above with the description of our map
right before the lemma. These are very similar except the homotopy equivalence
and the “drilling” of the tube goes in different directions, but we claim that they
are actually each others (loop space) inverses (in the limit). Hence up to a sign
(which doesn’t matter for the fibration sequence) they agree.
Indeed, representing something in F/O by a vector space V k ⊂ R2k and a
homotopy equivalence f : Sk−1 → SV is homotopy equivalent to having a homotopy
inverse of the map instead of f . It is well-known that homotopy inverses are not
contractible choice. However, it is a contractible choice to pick an “inverse” f−1 :
SV → Sk−1 together with a homotopy from f ◦ f−1 : SV → SV to the identity, in
fact, we will need this homotopy to construct the null-homotopy of the “sum” of
the two maps.
The sum/product of two h-cobordisms are given by making each standard over
complementary parts and then pasting them together. In our case this can be done
by realizing that the description of the Hatcher-Waldhausen map in the lemma
above gives an element in H(S2k−1) which is standard (a thin tube) in a neighbor-
hood of a small Dkε . This means that if we scale the construction of our map by ε
we can simply apply it in this standard region. This standard region is illustrated
by the blue dashed lines in Figure 5.
V
Figure 5. The two drillings together. The blue part (if extended
in the standard way over the disk using the dashed lines) illustrates
the image of the Hatcher-Waldhausen map. The second drilling
removes this standard part and puts in the image of our map. The
red dots are SV and the black dots are Smε .
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Now this sum is null-homotopic since we can simply retract back the big blue
parts (in the figure) into the tube around SV (while carrying along the smaller
drilling - basically the inverse isotopy of the isotopy extension we used in the proof
above). This results in a drilling of the tube around SV using an extension of the
function f ◦ f−1 : SV → SV to DV , but this we have a null-homotopy for - so we
may isotope it to the standard drilling DV = DV ⊂ R2k (up to high connectivity
depending on k as usual) i.e a standard tube around DV . Such a tube can by a
canonical choice (and continuous in V ) easily be made into the standard sphere
S2k−1. 
Proof of Theorem 1.3. The map M∞ → F/O → BO is by Theorem 1.2 and
Bo¨kstedts result in [4] rationally trivial, hence on the homotopy groups of BO
it could potentially only hit the 2-torsion groups. However, the map pi∗(BJ) is
injective on these homotopy groups so since the map from M∞ factored through
F/O (Lemma 6.1) the composition is zero on homotopy groups. Proposition 4.1
tells us that the map Sn−1 → M∞ → F/O → BO represents the transgressed
relative Gauss map Sn ' L/Sn−1 → U/O, which is thus also homotopy trivial. 
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